Massive states as the relevant deformations of gravitating branes 
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Five-dimensional theories manifesting spontaneous brane generation are discussed in a gravita- 
tional context. Without gravity, the IR dynamics of the brane fluctuation below the brane tension 
scale is described by an effective theory for the Nambu-Goldstone bosons. When gravity is prop- 
erly taken into account the long distance dynamics changes. The spontaneous breaking of local 
translational invariance triggers the formation of massive representations via the Higgs mechanism 
and induces the appearance of new mass scales in the IR. These scales can in principle depend on 
other fundamental parameters besides the brane tension and the Planck scale. In noncompact extra 
dimensions the massive states are found to be scalar bound states. We obtain explicit expressions 
for their propagator and show that their masses depend on the brane width and are thus much 
heavier than expected. We present an exactly solvable model which captures the main features of 
the gravitational system. 

PACS numbers: 04.50.+h 



I. INTRODUCTION AND RESULTS 

Spontaneous breaking of continuous symmetries pre- 
dicts the existence of Nambu-Goldstone modes as rele- 
vant field coordinates for the low energy dynamics. If the 
symmetry is gauged a massive representation emerges in 
place of them due to the Higgs phenomenon. The mass 
scale generated by this mechanism may represent an im- 
portant threshold for the IR theory, as the Fermi coupling 
in the weak interactions. 

An analogous consideration holds for the case of spon- 
taneous breaking of translational invariance. If the spon- 
taneous breaking refers to a compact coordinate a Higgs 
phenomenon is expected to involve the graviphoton [l[ . A 
rigorous analysis of the nonlinear realization of the local 
space-time symmetries shows that the Nambu-Goldstone 
boson kinetic term (the Nambu-Goto action) does not 
provide any mass term for the graviphoton [2j , as naively 
expected by analogy with internal gauge theories. The 
mass term arises from additional operators that one can 
build out of the relevant IR variables. These operators 
are essential for the self-consistency of the description 
since they encode the presence of the symmetry breaking, 
and thus ensure continuity of the observable as gravity 
is switched off. In this phenomenological approach the 
mass of the graviphotons cannot be rigorously connected 
to other fundamental scales of the theory (such as the 
brane tension and the 4d Planck mass) and remains a 
free parameter. Its determination is crucial for a realistic 
study of the phenomenology of these models. 

The main purpose of the paper is to analyze the emerg- 
ing of this gravity-induced scale in an exactly tractable 
framework. We will study a class of gravitational models 
in which a scalar field develops a nontrivial background 
along a single space-like direction. Without loss of gen- 
erality we consider the 5d lagrangian 



M 3 R + g AB d A $dB<f> - V($) 



(1) 



to the scalar $ (and gravity) . The 5-dimensional coordi- 
nates are denoted as x^, y, with A, B = 0, 1, 2, 3, 5, Greek 
indeces referring to the unbroken coordinates, while y de- 
notes the broken spacial direction. The metric signature 
is " mostly minus" . 

The y-dependent vacuum expectation value ($) = 
$o(y) is assumed to trigger the localization of light modes 
of the above unspecified theory around some point of the 
y-direction, which we conventionally choose as the origin. 
This effectively realizes a brane world with a nontrivial 
dynamics trapped on it. In order to keep our discussion 
as general as possible we will not write down any explicit 
function $o, nor an y action for the would-be localized 
fields. We simply stress that natural candidates for $ 
are the kink shape proposed in [H (in this case the dots 
in |T]) would stand for fermionic fields), or one of the 
scalars described in |4| (in this case the dots in ([1]) would 
stand for gauge fields). For simplicity the background 
geometry preserves 4d-Poincare invariance 



ds 2 



a 2, q fljU dx ,l dx 1J — dy 2 , 



(2) 



where a = e and A = A(y). 

The equations of motion derived from ([1]) reduce to the 
following independent conditions 



<£i = -3M A 



(3) 



n*o) 



-3Af 3 (4i 2 + I), 



where the dots refer to some unspecified theory coupled 



where / = df /dy. We see that the first equation ([3]) re- 
quires A < 0, this being a general consequence of the 
energy conditions Such a constraint implies that no 
regular solution of the equations of motion is admitted on 
a circle (we are restricting our analysis to two-derivatives 
theories) . Being interested in the study of translationally 
invariant theories, we are forced to consider a noncom- 
pact extra dimension y. This, by itself, may not represent 
a serious problem for our study because the authors of Q 
succeeded in making sense of these theories, at least for 
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what concerns the spin-2 sector 1 . Similarly, we will be 
able to obtain an effective description of the brane fluctu- 
ations. Another feature of noncompact extra dimensions 
is more subtle: the graviphotons are not dynamical fields. 
This raises up another question: what about the gravity- 
induced scale if the Higgs mechanism is not canonically 
realized? An answer to this question is provided by the 
analysis of @] . These authors studied in detail the scalar 
kink background implementing the light-cone gauge and 
showed that continuity of long range potentials between 
$ sources is ensured by the presence of a massive reso- 
nance in the scalar sector. 

We will identify gauge-independent properties of this 
resonance and show that the main features of the cou- 
pled scalar-gravity system can be captured by an exactly 
solvable model. Under some simplifying assumptions (in 
this set up the requirement k < w, where k is the cur- 
vature scale and w is the inverse brane width, is not an 
option), we will be able to extract an explicit expression 
for the resonant propagator. The resonance couplings to 
brane localized currents are those of the zero mode of the 
global theory, except for corrections of order 0(k/w). In 
the realistic limit k -C w, and at energies below the scale 
w, the resonance represents the only relevant deforma- 
tion of the brane, very much like the zero mode of the 
gravity- free model. 

In this class of models the resonance mass ma plays an 
analogous role as the graviphoton mass in compact extra 
dimensions: for energies much larger than run one re- 
covers the Nambu-Goldstone boson dynamics via a gen- 
eralization of the equivalence theorem while, at scales 
much smaller, the information about the spontaneous 
brane generation is encoded in nonrenormalizable opera- 
tors suppressed by the scale jtir. 

In the following we will analyze in detail the physics of 
the brane fluctuations (the $ excitations) and their rele- 
vance on the brane-localized dynamics, with and without 
gravity. Even though the class of backgrounds consid- 
ered here are to some extent special, as we have seen, we 
believe it can shed light on the effect of the gauging of 
space-time symmetries in more general scenarios. 



II. THE LINEARIZED THEORY WITHOUT 
GRAVITY 

In order to render the paper self-consistent we review 
some of the basic properties of the nongravitational the- 
ory. Without loss of generality we consider the potential 
V = (S<s>W) 2 , with W an arbitrary function of $ and a 8<p 
indicating derivative with respect to the field. The sys- 
tem admits degenerate constant vacua which, by conven- 



These theories are expected to provide a sensible effective de- 
scription of the brane physics even though an apparent inconsis- 
tency arises in the evaluation of the self-couplings [f| @| . 



tion, have zero energy. These solutions have 8&W = 0, 
and consequently 8\V = 2(8\W) 2 > 0, while nontrivial 
solutions satisfy $0 = 8$>W . 

We will quantize our theory on the background $0(2/) 
which, as anticipated in the introduction, is supposed to 
trigger the formation of a brane at y — 0. A prototypical 
example which will be used as a reference is the kink 
background 

<I>o = v tanh(wy) (4) 
which follows from 

W = wv$(l-^y (5) 

The spectrum of the field $ is obtained by studying 
the linearized equation for the fluctuation cj> = $ — $o> 
which is easily found to be 

a/-3jiJU = o, (6) 
$0 J 

where, because of the y dependence of the background, 
the relation <J|V($ ) = 2$ /$ holds. The eigen- 
modes <p m (y) are solutions of eq. (|6|) provided we re- 
place d^d^ — > —to 2 . They form a complete set in the 
space of square integrable functions and can be used to 
expand in Kaluza-Klcin modes the 5d field 4>{x, y) — 
J2 m ( t ) m{y)Q m {x) and write an effective 4d lagrangian: 

C 4d = ^(^Qm^m ~ ™ 2 Q 2 m ), (7) 
m 

where N m = / dy 4> 2 m . 

The spectrum of the brane fluctuation generally con- 
tains a zero mode Qo with wavefunction (f>o oc $0 (which 
we take to be normalizable) , possible discrete eigenval- 
ues, and a continuum starting at a threshold defined by 
the potential 8%V . The interacting terms are obtained as 
usual from the convolutions of the 5d profiles and, after 
the fields Q m have been properly normalized, they turn 
out to depend on inverse powers of the normalizations 
N m . 

An important comment is in order. In the absence 
of gravity the system is truly translational invariant. A 
global shift y — > y + £ changes the nontrivial background 
configuration &o(y) into a new vacuum solution. Pro- 
moting the parameter to a 4d field £(x) we can identify it 
with the Nambu-Goldstone mode. Although the Lorentz 
rotations orthogonal to y are spontaneously broken, as 
well, they do not act independently on the vacuum Q so 
that a single massless mode is predicted. The Nambu- 
Goldstone boson cannot be found as a dynamical mode 
in the linearized approach. Indeed, even though at in- 
finitesimal level in the symmetry transformation it co- 
incides with the zero mode Qq(x), ensuring its mass is 
exactly zero, at a nonlinear level all of the Q m have a 
nontrivial overlap with it. Hence the fields Q m are seen 
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to acquire a potential, while the Nambu-Goldstone boson 
interacts only via derivative couplings. The strength of 
these couplings follows from the Nambu-Goldstone boson 
normalization, which also coincides with Nq, 



(8) 



dy& = / dyd y W = AW, 



where we defined the topological charge AW = 
W(+oo) — W{— oo). This quantity measures the energy 
density of the dimcnsionally reduced system: 



p[*o] 



V 



2AIU, 



(9) 



i.e. the brane tension. 

A description of the dimcnsionally reduced theory can 
be obtained using an effective approach that makes no 
reference to the physics responsible for the generation of 
the defect [lOj . This is a very powerful approach if we ig- 
nore the dynamics responsible for the brane generation, 
but it cannot tell much about the relevance of the ex- 
citations ignored in the description. Since we have at 
our disposal an explicit model, an effective description 
in terms of a Nambu-Goldstone boson is not convenient 
and we will adopt the language of the linearized theory of 
the fluctuations. Making contact between these two ap- 
proaches is not immediate because the Nambu-Goldstone 
boson is a composite state of the fields Q m . 

We will focus on the brane dynamics at energies much 
smaller than the characteristic mass of the modes Q m . 
This scale also defines the inverse brane width w, so that 
an observer at momentum p 2 <C w 2 would see the brane 
as an infinitely thin defect. Consequently we call this 
regime the thin brane limit. In this regime the mode Qo 
is the only accessible dynamical excitation of the brane, 
the massive states being integrated out 2 . The low en- 
ergy dynamics on the brane is thus described by an ef- 
fective theory of the Qo mode coupled (generically via 
nonderivative operators) to some (unspecified) physics 
localized at y = 0. 

Before embarking on the study of the implications of 
the gauging of the translational symmetry on this effec- 
tive theory, it is worth to anticipate some tools that will 
be used in the following sections. 

When gravity is switched on, eq. © gets extremely 
involved and it will not be easy to extract useful infor- 
mation from it. It is therefore convenient to develop a 
systematic method to approximate the eigenvalue prob- 
lem. Let us illustrate how this works in flat space-time. 
First of all we introduce the following parametrization 



^o/m so that the eigenvalue equation reads 



frn 2 , f 7n — Tfl fjy 
$ 



(10) 



The convenience of this parametrization is that we ex- 
tracted the zero mode profile and we can now simplify the 
eigenvalue problem without loosing the main dynamical 
ingredient. In order to achieve this it is necessary to make 
some assumptions on the background configuration. We 
will assume that the defect is exponentially localized as 
4 ~ e - 2w M, i.e. the zero mode is normalizable, and 
that $o(0) is odd, i.e. the zero mode has a sharp peak 
on the brane. Under our assumptions we can write 



- f m + 4w sign(y)f m = m 2 f„ 



(11) 



from which it follows, except for a normalization, the 
general solution 



/ m =e^^(cos( M |y|)+/3 m sin( M |y|)) 



(12) 



with /i 2 = m 2 — 4w 2 . The boundary condition on the 
brane /(0) = and normalizability fully determine the 
spectrum. The simplified problem clearly predicts a zero 
mode /o = const, and a continuum m > 2w of delta 
function normalizable modes 3 . 

For later convenience we also define the brane to brane 
propagator as the 4> two-point function G(p 2 ,y,y') in 
4d momentum space and for y = y' = 0. From its 
formal definition it follows G(j> 2 ,y,0) oc 4> p (y) for any 
y 0. Since <f> m is smooth everywhere and satisfies triv- 
ial boundary conditions at the origin, the normalization 
reads G(p 2 , 0,0) = 1. This specifies the solution 



G( P 2 ,y,0) 



(l>p{y) 
MO) 



(13) 



up to boundary conditions in the asymptotic region \ y\ — > 
oo. We can isolate the poles of the discrete spectrum 
by requiring an asymptotic exponential behavior for the 
Green's function. This is done by imposing j3 p — i in 
the approximate expressions obtained above. Using our 
parity assumption ($0(0) = 0) and expanding in p/w 
keeping the dominant contribution only, we see that the 
brane to brane correlator acquires a pole at p 2 = 0: 



G(p 2 ,0,0) 



Aw 

p2 



(14) 



The pole appears in the real axis and thus corresponds 
to a physical massless particle. The residue 4w ~ 
$q (0) / J dy <i>g sets the strength of a typical interaction 
between the zero mode and arbitrary brane- localized cur- 
rents. 



2 Because of the composite nature of the Nambu-Goldstone boson 
the states Q m , for m 7^ 0, cannot decouple in the limit w —* 00. 
Their integration leads to corrections to the Qo potential which 
are of the same order as the bare couplings. 



Under our assumptions, a possible next to higher localized mode 
would have odd parity and would not be crucial for the effective 
brane dynamics. 
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III. THE LINEARIZED SCALAR SECTOR 
WITH GRAVITY 

Smooth scalar backgrounds triggering brane genera- 
tion can be found in a gravitational context in terms of 
a function W The solutions for (J3]) read $ = 6$W 
and —3M 3 A = W provided 



/5W\ 2 AW 2 



(15) 



For example, the kink background is defined by the same 
W introduced in the previous section. Its backreaction 
gives rise to a warp factor (assuming A(y) even and 
choosing the normalization A(0) = 0) 



A = - 



2_v 2 _ 

9M3 



1 



log cosh(u>y) + - tax\h(wyy 



(16) 



We can interpret this solution as a smooth realization of 
the Randall-Sundrum geometry. If we explore energies 
of order p 2 <C w 2 , the brane looks like an infinitely thin 
defect and the warp factor can be approximated as A = 
— k\y\, with 



2 v 2 AW 

K = 7TW = 7T- 

9 M 3 M 3 



(17) 



The second equality holds up to numerical factors and it 
is completely general. The relation k <C w is thus forced 
by the requirement of a sensible semiclassical approach 
to gravity. 

When translational symmetry is made local a shift of 
the vacuum along the broken direction no longer iden- 
tifies a dynamical perturbation. As anticipated in the 
introduction, no Higgs mechanism is expected since the 
graviphotons are found to be unphysical perturbations 
in these backgrounds. The spontaneous breaking will 
modify the pure scalar sector of the gravitational theory. 
The analysis of the latter has been carried out in detail 
in 1 121 131 ] (for a generalization to nonminimal couplings 
see |l4|). Let us review the main conclusions and, for 
convenience, express the results in the conformal coordi- 
nate z, dy — adz. 

The nontrivial background induces a mixing between 
the field excitation <p = <i> — <E>o and the scalar components 
of the metric. In the longitudinal gauge and at linearized 
level the perturbed line element reads 



ds 2 



a 2 [(l + Ffo^dafda? - (1 - S)dz 2 



(18) 



The additional SgAB components include tensor and vec- 
tor fields which play no role in the diagonalization of the 
scalar sector. They give rise to a continuous spectrum 
of massive spin-2 fields, and a normalizable zero mode 
identified with the graviton. We refer the reader to the 
literature for details on the spin-2 dynamics, in the fol- 
lowing we will discuss the pure spin-0 sector. 

The scalar sector is subject to two constraints. In the 
longitudinal gauge the first requires S = 2F, while the 



second is the formal statement that the fields F and <fi 
are not independent fluctuations. For arbitrary gauge 
choices this reads: 



a 2 (F'- 



(19) 



where a prime indicates derivative with respect to z. We 
conclude that the system admits a single independent 5d 
scalar fluctuation. 

The fields F and <f> satisfy two dynamical equations in 
addition to the constraint (fT9|) . These are more elegantly 
expressed in terms of gauge invariant variables [12[ as: 



(A + A- + d li d")g = 
{A- A + + d^U = 



where 



A ± = ±d z 



Z a 3 ' 2 ^ 



(20) 



(21) 



and the diffcomorphism invariant variables are defined in 
the longitudinal gauge as 



Q = a 3 / 2 (d>~^F) 



(22) 



U = « 3/2 ^ 



In order to analyze the spectrum we decompose 
the 5d fields F, </> in Kaluza-Klein modes F(x, z) = 
J2 m F m( z )Qm(x) and 4>{x, z) =Y, m ( l ) rn(z)Q m (x), where 
the eigenfunctions F m (z), 4> m {z) satisfy eqs. (|T9j) and (|20|) 
with (9 M <9 M — > — m 2 . Because of (fl~9|) the equations (|20|) 
are equivalent for m ^ 0. More precisely, for any eigen- 
value m (including m = 0) the eigenfunctions are related 
by 



A-g n 



3M C 



m 2 U„ 



(23) 



In order to complete the eigenvalue problem for the 
modes F m , (f> m and determine the spectrum we need to 
specify the normalization condition. The 4d kinetic terms 
for the scalars F,(j>, and S in the longitudinal gauge is [H], 

MM 



d, 



^M 3 8 ll F(d t2 F - d^S) 



(24) 



Substituting the condition S = 2F we can immedi ately 
derive the normalization of the dynamical fields Q m [13j : 



N„ 



= J dza 3 
3M 3 



-M 3 F 2 
2 m 



(25) 



dy 



3M d 
2& a 



-Y 2 + Y 2 



where in the second equality we changed back to the coor- 
dinate y. In the last expression the definition Y m = a 2 F m 
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and the constraint (pT9|) . i.e. Y m ■ 
been used. 

The authors (l3l | have proven the hermiticity of the 
quadratic action in the fluctuations under very general 
boundary conditions. This ensures that the Kaluza-Klein 
expansion is meaningful. The 4d dependent coefficients 
Qm(x) play the role of the physical 4d fields and satisfy 
the dispersion relation (d^d^ + m?)Q m = 0. One can 
thus write a free lagrangian formally equivalent to l[7|). 
The crucial difference between these two theories is the 
spectrum of physical states. 

The physical spectrum of the perturbations, including 
m = 0, is specified by the second of the equations ([20]) 
together with the requirement N m < oo. Since the nor- 
malization condition can be conveniently written in terms 
of Y m it is natural to ask for a dynamical equation for 
this variable. Re-expressing the equation for lA m in terms 
of it we find 

- Y m + 2{A + -A)Y m - 2AY = m 2 e- 2A Y m . (26) 

Equations ([25]) and ([26]) define completely the mass 
eigenvalue problem in the longitudinal gauge [T3 |. 

By an inspection of (|20p , and making use of the asymp- 
totic form of the background Q, one can conclude that 
the mass squared are positive and continuous as m > 
[l2j. Because of ([23]) we see that the eigenvector of 
zero mass can be obtained by solving a first order equa- 
tion A~Q = (the additional solutions of the system ([20]) 
do not satisfy the constraint (119|)). The independent so- 
lutions can be derived explicitly and are Q = 0,Z. In 
terms of the original fields they read 



2a 2 $o ( / , m/3, have this explicitly we use equation ([26]) to recast eq. (|25|) in 



R $0 R $0 
Pi — ^ - In -^t 



a* 
2A 
~a~ 2 



(27) 



+ fo 1 



2A 



The solution fa = resembles the zero mode of the global 
theory (the global theory admits a second zero mode so- 
lution, 4> = 4> J y dyl/^Q, which is not reproduced by 
the gravitational model. This mode is nonnormalizable 
in the nongravitational model and thus it plays no role 
in the dynamics), and it is instructive to observe that 
N (fa = 0) = A (We~ 2A ). The latter expression has to 
be compared with the vacuum energy of the gravitational 
system, i.e. the brane tension, 



p[<f>o,A] = 2A (We 



(28) 



By self-consistency, the latter must vanish (the effective 
4d theory is defined in flat space) so that the solution 
fa = has a divergent normalization Nq. We stress 
that the divergence of the integral is entirely due to the 
mixing with the field F, i.e. the F^ term in the normal- 
ization ([25]) . 

Both the boundary and the divergent nature of No hold 
for any zero mode solution of the scalar system. To see 



the form 



Nn 



MI 3 



dy 



m 
~A 



Y 

J IT, 



a?A 



.(29) 



By plugging the solutions ([27]) into ([29]) we see that N oc 
e -2A(oo) f or an y p 12j anc j therefore diverges. This is 

tantamount to say that the zero mode decouples from the 
effective theory. We conclude that the spectrum reduces 
to a continuum starting at zero mass. 



IV. SCALAR BOUND STATES 

The gravitational theory describes a drastically differ- 
ent spectrum compared to the one of the globally sym- 
metric model. The zero mode predicted by the nongrav- 
itational theory disappears and no brane perturbation is 
expected to mediate a long range force. Nevertheless, the 
brane can still be excited at arbitrary small scales since 
the continuum starts at zero momentum. In this section 
we will see that this continuum forms a bound state that 
appears as a resonant mode to a 4d observer residing on 
the brane. 

Resonant states are found as the eigenvalue problem 
with complex momentum. They were first identified 
in the context of alpha decay by Gamow by imposing 
asymptotic outgoing wave behavior on the wavefunctions. 
An explicit expression of the resonant condition for our 
system will be presented later on. For the moment let us 
stress that the only field manifesting a resonant behavior 
is <j). 

To derive an explicit expression for the dynamical 
equation for <f> m we can differentiate ([2"6"]) and use (|19[) . 
As anticipated in section II this equation can be conve- 
niently written as a function of /, with <f> = $o/- The 
expression is rather involved and reads: 



On 



fe 



2A 



1 J_ m r -2A 
, 1 + 2A 



-2Afe 



2/1 



(30) 



The equation thus obtained is gauge invariant. Indeed, 
eq. ([22]) tells us that in the longitudinal gauge the field 4> 
coincides, up to a factor, to the frame-independent fluc- 
tuation 2A'Q + QqU. The implications of eq. ([3"0"|) are 
therefore physical and do not depend on the gauge choice. 

An exact solution of ([30]) cannot be found even for the 
simplest backgrounds, but we can find an approximate 
solution by matching two expressions for f m , namely /< , 
defined for < \y\ < y*, and />, defined for \y\ > y*. 
The distance is of order the brane width l/w. For 
localized defects and m ^ the terms m 2 j A ^> 1 as 
soon as we move away from the brane. Near the brane, 
on the other hand, the smoothness of the background 
requires A » A oc $ 1=3 and leads to a condition for /< . 
Our approximate expressions are: 



/ > -/ > (4i + 2|; 



,2 -2A 



(31) 
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/< - 24f< 



m 2 e~ 



2A 



f< 



state of our model (132 



In the limit y* — > 0, 
finitely thin A sa — fc|y|. 
calized scalar defects 4> 
pactly written as 



in which the brane appears in- 
and assuming exponentially lo- 
eqs. ((31) can be com- 



V k 



-2w\y\ 



2/1 



- / + 4(fe + w)sign{y)f + 4kS(y)f = m 2 e 2klvl f. (32) 

Because of the localization of the defect the mixing be- 
tween 4> and the scalars F, S reduces to a brane effect and 
translates into the boundary condition at y = 0. The lat- 
ter corresponds to a localized positive mass term and will 
play a role in the determination of the resonant condition. 
Notice that the boundary condition could have been de- 
duced from the would-be massless profile 4> = <& e 
found in the previous section. As the above derivation 
makes it clear, however, the simplified eigenvalue prob- 
lem is a reasonable approximation for massive modes 
only. 

The model described by the equation (pS2"j) is a partic- 
ular example of a more general class of theories that will 
be introduced in the following section. The system (f32|) 
can be used as a toy model for the description of our 
nontrivial set up, having the great advantage of being 
exactly solvable. The solution, up to a normalization, is 



In 



— & vk\y\ 



771 fcl-ui 



(33) 



v = 2 1 



where </„ and Y v are the Bessel function of order v of 
first and second kind respectively. Imposing the bound- 
ary condition at the brane and estimating N m using the 
normalization (|25p (for m ^ the normalization is dom- 
inated by the <f> integral) we find 



A, 



fJ^(f)-2J,(f) 
f^-i(f)-2Mf) 



(34) 



a vk\y\ 



where the proportionality factors are numbers depending 
on the scale entering $o (and the brane tension AW), 
which we can simply ignore. 

A plot of the spectral density at y = 0, i.e. 0„(O), 
reveals the presence of a continuum starting at zero; this 
is very suppressed up to an energy of the order m? ~ kw, 
where it develops a very sharp peak near the pole of /3 m , 
and finally stabilizes at a scale m > w. The peak is 
the remnant of the delta function localized zero mode 
density of the global theory which, remarkably, has been 
shifted to a nonzero mass by gravity. A similar result has 
been previously found in Q . In order to understand more 
deeply the nature of this peak we isolate it by demanding 
for the appearance of resonant modes. 

Imposing outgoing wave boundary conditions on (133|) 
(setting j3 m = i) we find the explicit form of the resonant 



(35) 



where = J v + iY v is the Hankel function of the first 
kind. The boundary condition on the brane fixes com- 
pletely the eigenvalue at a complex m — m,R — iTr/2. If 
the pole is located in the lower half plane, i.e. > 0, an 
asymptotically outgoing wave manifests the characteris- 
tic exponential decay in time (and, typically, an expo- 
nential divergence in space) and the quantities ntR and 
r^j can be identified as the mass and the width of the 
resonance, respectively. The resonant condition for our 
system finally reads: 



k h1 1) (f ) 



2. 



(36) 



This condition admits a single solution at a scale m 2 R ~ 
kw, corresponding to a complex pole in the scalar propa- 
gator. A similar procedure applied to F (or, equivalently, 
to Q and IX) provides no solution. 

An explicit analytical identification of the root m = 
rrifl — iTji/2 is not possible since, strictly speaking, the 
Bessel functions cannot be approximated by an expansion 
in either the small or large argument limit for m 2 ~ kw. 
Nevertheless a numerical investigation shows that for suf- 
ficiently large v the approximation of small argument 
works quite well. This approximation allows us to ob- 
tain expressions similar to those of [HI 4 : 



* HP (*) ~ X Y v 



ix- 



Ju- 



Y v 



(37) 



where for brevity x = m/w, that will be used to estimate 
the pole in the following. The reliability of the small 
argument approximation should not come as a surprise, 
since comparing the small argument limit of ([36]) with 
the explicit expression for j3 m we see that the pole in the 
Green's function approaches the bump found in the spec- 
tral density </>^(0). The same approximation implies that 
for k\y\ < 1 the resonant profile (|35[) acquires approxi- 
mately the same y dependence of the zero mode ~ <I>o, 
while outside the brane the resonance becomes exponen- 
tially divergent because of the positive width. 

We can now find an approximate expression for the 
resonant propagator. Because of the mixing among <j),F, 
and S, the scalars' Green's function is a three by three 
matrix where each of the entries can be formally written 
in the canonical form 



G a b{p 2 ,y,y') <x / dm 



4 The approximation x <sjC y/u was natural in the framework stud- 
ied by |la | since they considered a case analog to w <g k, which 
in our framework is not a reliable limit. 



7 



with gm'^ = 4>m, F m , S m (see [1] for an explicit expres- 
sion of this matrix in the light-cone gauge). Under the 
simplifying assumption of an exponentially localized de- 
fect, the mixing between the scalar states becomes a pure 
brane effect and the Green's function is completely 
determined by the eigenmode 4> p and its boundary con- 
ditions. Following an analog procedure as that used in 
section II we obtain an expression for the brane to brane 
propagator as: 

G w (p a ,0,0) = T - i . (38) 



Setting 4> p = 4>r in the above expression and using (|37|) 
we are able to isolate a pole 

G^(p 2 ,0,0) ~ / (39) 

2k(v - 1) 
P 2 ~ m R + W r R,(p) 

where we have defined: 

(^) 2 -4(,-l) (40) 
rij(mfl) 7r/4 /TOijX 2 ^- 1 ) 

m fl ~ r(i/ - i)r(i/) v~2T/ 

As already emphasized, eqs. (|40[) are only approximate, 
though reliable, expressions of the pole. Eqs. (|39|) 
and (|40p represent the main results of the paper. 

The resonant propagator should be compared 
with (fl4|) . As gravity decouples we have rriR — iT r/2 — > 
as fc/iu — > 0, and the resonance exchange mimics the 
zero mode of the global theory ensuring continuity 
of the observable as gravity decouples. The ratio 
Fr/itir oc (e 2 /v) u is exponentially small and can be 
neglected in the limit k <^ w. The resonance is thus a 
stable state for all practical purposes and mediates a 
potential between static brane sources of the form 

V R cx -e~ mRr , (41) 
r 

where, in the limit w/k 3> 1, m R rs 8wk <C w 2 . The 
residue in (|3"9")) is the Aw factor found in (TTJJ except for 
small 0(k/w) corrections. This means that the scale de- 
termining the effective coupling of the resonance to brane 
localized currents is approximately the same as the zero 
mode of the global theory. 

For k <C w the resonance represents the only relevant 
brane fluctuation below the cut-off w, as the spectral 
function </> m (0) suggests. We can appreciate the negli- 
gible impact on the effective theory of the continuum 
m <C tyir by estimating the Yukawa potential they medi- 
ate on the brane. At 4d distances r large compared to the 
curvature /;r> 1 these are expected to play a role. Ex- 
panding for small arguments our approximate solutions 



we have / m (0) oc y/xxJ v -x(x) oc ^fxx v , with x — m/k, 
and the potential behaves as 

J r vr \kr J 

for kr ^> 1. In the limit v 3> 1 the effect of the continuum 
below the resonant peak is highly suppressed. An anal- 
ogous suppression holds for the continuum in the range 
TOfl < m < w. Notice that the continuum becomes rele- 
vant at m ~ w, rather than at 2w as in the global theory. 

Having established the dominant role of the resonance 
in the low energy brane to brane $ exchanges we con- 
clude that, provided k <C w, the low energy dynamics 
acquires a dependence on the new scale m R ~ tew. For 
w 2 3> p 2 m 2 R the resonance represents the only dy- 
namical degree of freedom of the brane. In this regime 
the global description is an approximation of the full the- 
ory up to 0(k/w) corrections, and gravity can be seen as 
a weak gauging of the Poincare group. More interesting 
is the opposite limit. For p 2 <C ra\ no brane excitation 
can be significantly produced and the effect of the brane 
fluctuation on the physics localized on the brane is to- 
tally encoded in nonrenormalizable operators suppressed 
by the scale tur. 

Let us briefly comment on the generalization to other 
gauge choices. In the axial gauge (5<?A5 = 0) the con- 
straint (TIT)!) simplifies to F = — 2<I>o0/3, but the dynam- 
ical equation for Y m can no longer be used to derive a 
resonant condition for <p m . It is more convenient to de- 
rive a third order differential equation for / = 4>/$>o from 
the dynamical condition for Q with the help of (fll?]) . This 
equation was found in [H| , but here it will not be repro- 
duced for brevity. The latter leads to a resonant con- 
dition of the same form as (|36p (with v — > v — 1 and 
2 — > 4), and consistently formulas similar to (|3"9"|) . (|40[) . 
and (|42]) can be derived. On the other hand, the same 
line of reasoning applied to the solution found in us- 
ing the light-cone gauge reveals the presence of a resonant 
mode described by an equation similar to l|36p . but with 
v — * 1. In this case the solution has mass and width 
of comparable magnitude, and both proportional to the 
curvature scale. In addition, in the light-cone gauge the 
authors [8j found that the potential mediated by the con- 
tinuum of light modes in the regime kr 3> 1 is suppressed 
by \/{kr) 2 with respect to the long range 1/r, while in 
both the longitudinal and the axial gauge the suppression 
is much more significant (at least l/(fcr) 2l/ ). 

One should not be worried in finding different predic- 
tions for the resonant pole: the resonance appears in the 
gauge-dependent propagator of the field </>. Only in the 
longitudinal gauge the dynamical equation for cj) provides 
gauge-invariant information. 

V. AN EXACTLY SOLVABLE MODEL 

The appearance of resonant modes in place of the dis- 
crete states of the global theory resembles the situation 
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considered in [15[ . In that paper the authors studied the 
effect of the noncompact Randall- Sundrum warping on 
chiral fermions localized with the mechanism described 
in 0]. They found that if we supply the fermionic field 
with a bulk mass, then the massless localized state of the 
nongravitational theory disappears and the continuum 
generates a resonant mode with mass proportional to the 
small bulk mass and an exponentially suppressed width. 
We will now show that a similar situation is realized in 
the spin-0 sector of the gravitational theory considered 
in the present paper. 

Consider a bulk scalar field iJj fluctuating in a gravita- 
tional background 



■,AB 



d A ^d B ip - mlip 2 )) 



(43) 



In order to localize light modes on the brane we intro- 
duce an attractive delta function mass term. Let us 
first discuss the theory in flat space and define m 2 = 
A(w 2 — WbS(y)). The mass eigenvalue problem for the 
scalar wavefunctions ip m can be written as: 



dy ip m (y)ipm' (y) 



-i> m + A(w 2 - WbS(y))ip r , 



(44) 



where Wb is assumed to be a free parameter of order 
w. The system (|4"4"]) admits a continuum starting at the 
threshold 2w and a single localized mode. The normal- 
izable wavefunction for the latter is ij) = and has 

a mass squared Aw 2 — /i 2 . The parameter /i is deter- 
mined by the boundary conditions as ip(0) = —2wbip(0), 
which gives fi — 2wb- We see that normalizability en- 
forces Wb > while absence of tachions Wb < w (the 
delta function potential cannot be too attractive). 

As gravity is switched on eq. (|44|) receive correc- 
tions both in the potential and the kinetic term. 
For a geometry of the Randall-Sundrum form ds 2 — 



-2k\y\ 



rj^dx^dx" — dy 2 we have 



dye 2kM ip m (y)tp m '(y) = 8 m>m , (45) 

-■ipm + 4fc sign(y)ip m + A(w 2 - w b S(y))ip m = m 2 e 2kM ip m 

where now both w and w b may contain curvature cor- 
rections of order k/w with respect to w and Wb respec- 
tively. Under the assumption w 2 > Wb(w b + 2w) the 
spectrum has no tachionic modes, while the requirement 
w 2 = Wb(u>b + 2w) is the necessary condition for the ex- 
istence of a localized massless mode. 

The model (|45p typically admits resonant modes. Im- 
posing outgoing boundary conditions we find: 



* ( 



2-2^ 
k 



(46) 



Thin resonances exist only if the right hand side of the 
first equation (|46[) is positive and, not surprisingly, if 
flif, ^ 0. The former requirement is the same condition 
ensuring absence of tachionic excitations. Proceeding as 
in the previous section we approximately find a solution 
for m = ma — iT r/2, where 



m 

rg(mg) 
rriR 



2-2 



2(„-l)(*. - - k 

7r/4 (m R \ 2 ( v - 1 ) 
T{v- l)T{v) \ 2~k) 



(47) 



The theory analyzed in the text is found to be a partic- 
ular example of (|45[) with w 2 — w(w+2k) and u>b — w — k 
(see eq. (|3^|) in the text). Despite the involved expres- 
sion for the <j) m norm obtained in section III, it is easy to 
verify that the F 2 integral in eq. (j25|) is convergent for 
any to ^ and, thus, the normalization condition for the 
fluctuations cf> m is effectively of the same form as (|45p . 
As gravity decouples (k = 0) w,Wb — > w and the model 
predicts a localized massless mode 5 . Because of the mix- 
ing with gravity, an 0(k/w) correction to the mass term 
is induced and the mode disappears from the spectrum 
leaving a resonance in its place. 

Using this simplified picture one can also deduce the 
fate of a possibly massive localized mode. An inspection 
of (|4T|) shows that, in the limit k <Siw and for Wb — 0(w), 
a resonance still appears at rriR ~ w but quickly be- 
comes wider as its mass increases. For example the choice 
w 2 = w(w + 2k) and Wb — Wb leads to the prediction 
of a broad resonance with mass m 2 R ps 8u> 2 (1 — Wb/w), 
that should be compared with the flat space-time result 
4w 2 (l — w 2 /w 2 ). Although this choice seems quite ar- 
bitrary, one can verify with techniques similar to those 
used in the bulk of the paper that it provides a good 
approximation of the next to higher state of the kink 
background. 



VI. SUMMARY AND CONCLUSION 

We analyzed in detail the scalar fluctuations around 
nontrivial gravitational backgrounds triggered by the 
space-dependent vacuum expectation value of a scalar 
field $. Assuming the scalar defect localizes light states 
around a particular region of the noncompact extra di- 
mension, we focused on the role of gravity on the brane- 
localized physics. 

In the globally symmetric version of the model, the 
dimensionaily reduced theory of the <!> fluctuations de- 



2\ 1 + 



5 The kink background (J4j reproduces the above potential in the 
thin brane limit w — > oo. For an observer at a distance y > 
1/w, where 1/ui characterizes the thickness of the defect, the 
background can be simplified by the approximation tanh(uij/) ~ 
sign(y). From the identities sign(y) 2 = 1 and d y sign(y) = 25(y) 
we derive $o/'E , — — 2w 2 (28 (y)/w — 2). 
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scribes a localized zero mode, possibly discrete eigenval- 
ues, and a continuum interacting with the physics resid- 
ing on the brane. Including the gravitational field no 
scalar bound state persists, but the continuum of physi- 
cal spin-0 fields is found to generate massive resonances 
in the 2-point function of the scalar <&. Because of the 
frame-dependent nature of the latter, the resonances turn 
out to be gauge dependent entities. We estracted frame- 
independent predictions by working in the longitudinal 
gauge. 

Under some reasonable assumptions we realized that 
the main features of the coupled scalar-gravity system 
can be described by an exactly calculable model. We 
found an explicit expression for the resonant propagator 
and showed that the heavier the resonance the wider its 



peak. At distances much larger than the brane width the 
only possibly relevant brane deformation is the approxi- 
mately stable lightest resonance. Its couplings to brane 
localized currents are those of the zero mode of the global 
theory except for small corrections, but its nonvanishing 
mass introduces new scales in the IR theory. We have 
shown that this new scale depends on the brane width. 
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